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Abstract 

After G. Perelman's solution of the Poincare Conjecture, this is a 
different way toward it. Given a simply connected, closed 3-manifold M, 
we produce a homotopy disc H, which arises from M by a finite sequence 
of simple modifications and, almost miraculously, can be imbedded into 
the ordinary space K 3 . It follows that H is a disc, hence M is a sphere. 
In order to construct H, we use a special stratification of M, based on the 
fact that M is simply connected. 



1 Introduction 

I have been reluctant, after G. Perelman's work, to present this second way 
of answering Henri Poincare's question about 3-dimensional homotopy spheres, 
[12] . |16j . [17j . |18| . It probably originates in my misunderstanding of an idea 
described by S. Smale in [21]: "First triangulate the 3-manifold, and remove 
one 3-dimcnsional simplex. It is sufficient to show the remaining manifold is 
homcomorphic to a 3-simplex. Then remove one 3-simplcx at a time. This 
process doesn't change the homeomorphism type, and finally one is left with a 
single 3-simplex." 

I thought that S. Smale was trying to construct a shelling. Since I was 
aware of non-shellable spheres [5] , [5] [TU] , [23] ; it seemed natural to relax the 
conditions a little: replace triangulations by more general cell decompositions, 
allow to remove more than one 3-cell, each time, and also allow to add certain 
collections of 3-cells. These combinatorial homotopy operations, together with 
subdivisions, can be used to transform any 3-dimensional homotopy sphere into 
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some homotopy disc D with a wonderful property: it can be imbedded into 
the ordinary space R 3 . Now the generalized Schonflies theorem allows us to 
conclude that D is homcomorphic to the standard 3-disc, and we have arrived. 

I sincerely thank my wife Anna. She has always supported my work, even 
when it looked like nothing. She also opened me the door to the miraculous 
world of melody, harmony and rhythm. I also thank Stephan Fischli who is 
patiently teaching me the art of writing. 

This essay is devoted to the meditation of God's Word among the inhabitants 
of the earth. 

2 Basic notions 

We shall quote freely from 0, [3], 0, HQ, [13], [H], E2 and [23]. Let us 
elaborate a little on two areas. 

2.1 Differential geometry 

Many of our arguments rest on the fact [T] that every compact 3-manifold has 
a smooth atlas, where "smooth" here means "of class C 1 ". A smooth manifold 
is called an 77,-sphcrc, if it is diffcomorphic to the standard sphere §" = {x S 
R™ +1 : |x| = 1}, and an n-disc, if it is diffcomorphic to D n = {x G R™ : \x\ < 1}. 

If M and N are smooth manifolds, then / : X ->• Y, with X C M, Y C N, 
is a smooth imbedding, if there exist open sets U C M, V c N, as well as a 
diffeomorphim g : U — > V, such that X C U, Y C V and g\X = f. 

We write dimM, for the dimension of a manifold M, dM for its boundary 
and int M for its interior. By a smooth deformation of M we understand a 
smooth map H : M X [0, 1] — > M, such that H T : M — > M is a diffeomorphism, 
for every r 6 [0,1], with Hq = Mm. Here we adopt the notation H T (x) = 
H(x,t). 

A Morse function <p : M R is said to be climbing, of length k, if it has 
k + 1 critical points p , . ■ ■ ,Pk, and if ip(p ) < ip(pi) < ... < tp(pk)- (j>o, ■ ■ ■ ,Pk) 
is its chain of critical points. 

Whenever we deal with a chart (U, h) of a manifold M, we assume that the 
environment U is compact. 

2.2 Polytopes and cell complexes 

If P is a (convex) polytopc, we denote by TP the collection of all its faces, 
including and P, and by A l P — {X G TP : dimX = i} the set of its 
i-dimensional faces. The elements of A°P are the vertices, and those of A : P 
are the edges of P. In the case dim P = 3, we often use the term "face" for a 
member of A 2 P. 

We also need some notations from the Z2-homology of a simplicial complex 
C. Remember that the Z2-chains in C can be identified with their supports, so 
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that an i-chain in C appears as the union of some set A C A 4 C = {X 6 C : 
dim A = i}. Compare [20] for a careful description. 

We often work in the piecewise linear category, where the terms "space" and 
"homcomorphism" mean "polyhedron" and "piecewise linear homeomorphism" 
|19j . Sometimes, however, it is more convenient to consider the piecewise smooth 
category, whose maps can be decomposed into finitely many diffcomorphisms. 

Whenever we deal with a closed interval [a, b] C R, let us assume that a < b. 

3 Homotopy spheres, Morse functions, and stra- 
tifications 

Definition 3.1 A homotopy 3-sphere is a closed, compact, simply connected 
3-manifold. A homotopy 3-disc is a compact, simply connected 3-manifold M, 
whose boundary dM is a sphere. 

Definition 3.2 By a stratification of some 3-manifold M we understand a se- 
quence of submanifolds Si,...,S r ,rE N, with M = SiL). . .US r , such that there 
exist homcomorphisms £i : Si —> Fi x [0, 1], 1 < i < r, where the Fi are orientablc 
2-manifolds, and where the equations Si (~l = U{Si,ti) fl L(Si+i,£i+i) and 
Si (~1 Sj = 0, in the case \i — j\ > 2, always hold. 

Here, if £ : A — > B x [0, 1] is a homeomorphism, we write U(A, £) = l~ x {B x 
{1}) and L(A,£) = £~ 1 (B x {0}) for the upper and lower boundaries of A, with 
respect to I. The spaces Si arc called the strata in M. 

Remarks 

(1) If the manifolds Fi are all contained in the plane R 2 , then Si, ■ ■ ■ , S r is 
called a planar stratification of M. 

(2) Given two stratifications p = Ri, . . . , R t , and a = Si, . . . , S r of M, we say 
that a is a refinement of p, if every space Si is contained in some Rj . 

Definition 3.3 Consider a compact 3-manifold M, a Morse function ip : M — > 
R and a critical point p of Let n be the index of ip at p, and choose a number 
S > 0. A chart a = (C7, ft) of M, with V = h(U) C R 3 , is called canonical, with 
respect to M, ip, p and 5, if it satisfies 

(1) p e intt/, ft(p) = 

(2) the map : — > R, given by ip{x) = \{<p o /i _1 (a;) — ip(p)), has the form 
-0(a;) = 53 i=1 £jxf , with e» = 1 for i < 3 — n and £j = —1, otherwise. 

(3) V is the standard disc B 3 , if n G {0, 3}. 

(4) In the case n = 1, V is the closure of the bounded component of R 3 \ S, 
where we now proceed to describe the 2-sphere S. 
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Consider the 2-discs H+ = {x G M 3 : ip(x) = -1, < x 3 < 2} and H~ = {x G 
R 3 : = - 1 ) -2 < £3 < 0}, and note that L = {i £ I 3 : = 1} is a 

cylindrical surface. Next, let us associate to each e G {+, — } the ring R £ = {x g 
K 3 : there exist a number p > and a solution c : [0, p] —> M 3 of the differential 
equation y' = (grskdtp)(y) with c(0) g <9i/ e , c(p) G £, and x G im(c)}, and 
denote by Q the closure of the bounded component of L \ (R + U R~). Now the 
sphere S, mentioned above, is the space S = H + U H~ U R + U R~ U Q. 
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v * R~ 

It follows from the generalized Schonflies theorem that V is a 3-disc, 

but in view of the rotational symmetry of S, there also exists an elementary 
argument. Let us say that R + and R~ are the top and the bottom ring of V, 
H + and H~ are the top and the bottom bay, while Q is the cloak. 

(5) In the case n = 2, V arises from the sphere described below (4) by a 
rotation around the y-axis, with an angle of -|. The subsets of dV, cor- 
responding to R~, H + , H~ and Q are now called the right and left 
ring, the right and left bay, and the cloak. 

Proposition 3.4 Let M be a compact 3-manifold, tp : M — > M. a climbing Morse 
function, and (po, ■ ■ ■ ,Pk) its chain of critical points. Consider a sequence of 
positive numbers (So, . . . , 5k), which satisfy tp(pi) + Si < tp(pi+\) — 5i+i , always, 
and choose canonical charts on — (Ui,hi) with respect to M, tp, pi and Si, < 
i < k. There exists a stratification of the manifold N = cl(M \ (Uq U . . . U Uk))- 

Proof Let us show, by induction on i that 

(1) there exists a stratification of AT* = {x G N : <p(x) < p(pi) — Si} for every 
< i < k. 

Note that iVo = and JVfc = N. We remember a basic fact in differential 
geometry [5], [TT] : 

(2) Given a compact Riemann manifold W, a smooth function / : W —> M 
and real numbers p < a, which satisfy (grad/)(x) ^ for every x G 
/ _1 [/9,cr], we find a diffeomorphism g : f^ 1 (p) x [p,cr] — > f~ l \p,a\, such 
that g(f~ 1 (p) x {r}) = / _1 (t), always. 

Now, with p = max(<p(f/o)) and o~ = min(^(J7i)), we obtain a diffeomorphism 
g : tp~ x (p) x [p,a] — > (^ _1 [ j o, cr] such that g(p~ 1 {p) x {t}) = p~ x (t), for every 
r G [p,(r]. Associate to every x G dUo the curve Z(x) = g({x} x [p,cr]) and 
observe, in view of (2), that Si — \]{Z{x) : x G dUo} is a stratification of N\. 
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For the inductive step, let us assume that we have constructed a stratification 
Si, . . . , S r of TVj, for some integer i > 1. We begin with the situation where 

(3) the index n of tp at p, is 1. 

We write (17, ft) = (£/j, and follow the notation of Definition 13.31 Our con- 
struction of the canonical charts implies that the map tjj satisfies (grad ip) (x) € 
T x (dV), for every x G R + U R~ , where T x (dV) stands for the tangent space 
of dV at x. Now we choose a Riemann metric g on M, such that g x (u,v) — 
(h'(u), h'(v)), everywhere in some neighbourhood of U — hr x (V\ 

The gradient of ip, with respect to g, fulfills the equation (grad ip) (x) = 
(h')^ 1 ((gr&dip)(h(x))), at every point x in this neighbourhood, where grad^ is 
taken with respect to the standard Euclidean metric. Consequently, (gr&dtp) is a 
smooth vector field on W = {x 6 N : /i < tp(x) < v}, and (grad ip) (x) lies in the 
tangent space T x (h- 1 (R+ U R~)), whenever x belongs to dW n h- 1 (R+ U R~). 
Here, we have written /i = imn(cp(U)) and v = max(<^(i7)) . 

Associate to every x £ W with ip(x) = fi the trajectory a x : [0, 5(x)] — > 
with a x (0) = x, where the number S(x) is chosen such that ip(a x (S(x))) — v. We 
write SV+i = U{ ml ( a ^) '■ x £ W, <p(x) = and observe that Si, ■ ■ ■ , SV-, S* r +i 
is a stratification of {x S N : (p(x) < v}. 

By repeating the construction below (2) once more, we obtain a stratification 
of Ni + i. The inductive step is completed, under the assumption (3). 

(4) Assume that the index of (p at pi is 2. 

We proceed as we did under (3), with one little difference: Ni satisfies h~ 1 {Q) C 
dN t instead of U H~) C dNi. 

(5) Assume that the index of ip at pi is or 3. 

Here we can use a trivial argument, similar to the passage below (2). Proposi- 
tion EH] is established. 

4 Splitting discs 

Definition 4.1 Let M be a homotopy 3-disc. By a splitting disc in M we 
understand a 2-disc D C M, transverse to the boundary dM, and satisfying 
hit D C int M, dD C <9M. 

Definition 4.2 Consider a homotopy 3-disc M and two piecewise smooth im- 
beddings a : S 1 ^ M , b : S 1 ^ M such that im(a) n im(fe) = 0. Choose a 
triangulation t = (C,h) of M, such that 

(1) h(A) = im(a), h(B) = im(6), for two Z2 1-cycles A, B in the simplicial 
complex C 

(2) there exists a 2-chain D in C, transverse to i?, which satisfies dD = A. 
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The linking number lk(a, b) is the element of {0, 1} which differs from card(Bn-D) 
by an even integer. 

Proposition 4.3 

(1) lk(a, b) does not depend on the choice of r and D 

(2) lk(a, b) = lk(6, a) 

(3) if b' is homotopic to b in M \im(a), then lk(a, b') = lk(a, b) 

Remark Compare [T| and [19] . The book Q] contains a proof of Proposition l4.3l 
in the case M = M 3 . This proof can easily be adapted to the present situation. 

Proposition 4.4 Consider a homotopy 3-disc M and a splitting disc D C M. 
There exists a unique pair U and V ^ U of submanifolds in M, such that 

(1) uuv = M, unv = D 

(2) U and V are 3-manifolds, bounded by a 2-sphere. 

Proof After a homeomorphism we may assume that there exists a simplicial 
complex C with |C| = M, and a subcomplex C of C, which satisfies \C'\ = D. 
Denote by U\, . . . ,U n the components of M \ D. Obviously, we have n < 2, so 
it remains to show that 

(1) n = 2. 

Consider a triangle X e A 2 C" and a point p £ intX. Let Y\ and Y-z ^ Y\ be 
the tetrahedra in C which contain X, and choose points qi £ int Yi. If we write 
Ui for the component of M \ D with qi 6 [/,;, our claim (1) is equivalent to 

(2) U t ^ U 2 . 

Assuming otherwise, we write Ux = U% = U, and find a piecewise linear path 
f3 : [0, 1] — > UD'mtM, which satisfies (3(0) = q\, (3(1) = q 2 . We can assume that 
B = im((3) U [p, qi] U \p, q 2 ] is a circle in M. Since B n D = {p}, it follows that 
\k(B,dD) = 1. But M is a homotopy disc, therefore B is homotopic to any 
point q G M \ D, hence Proposition 14.31 tells us that \k(B,dD) = 0. We have 
reached a contradiction, and (2) follows. 

Obviously, U% and U 2 are 3-manifolds, bounded by a 2-spherc, and Proposi- 
tion 03] is established. 
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5 Imbedding into the 3-dimensional Euclidean 



space 



Definition 5.1 Consider a 3-manifold M with non-empty boundary and a 3- 
disc D CM such that 3D n dM is a 2-disc. We say that V = cl(M \ D) arises 
from M by a reduction, and that M arises from V by an extension. A manifold 
JV arises from M by a homotopy operation, if there exists a finite sequence 
1/ = Mi, M2, ■ ■ ■ , M r = N such that Mj+i arises from Mj either by a reduction 
or an extension, for every i £ {1, 2, . . . , r — 1}. 

Proposition 5.2 

(1) If M is a homotopy 3-disc, and if N arises from M by a homotopy oper- 
ation, then N is also a homotopy disc. 

(2) If M is actually a 3-disc, then so is N. 

Proof Lemma 3.25 in [TS] confirms that M and N are homcomorphic. 

Proposition 5.3 Consider 3-discs A, B which satisfy dA = dB = A n B. The 

space A U B is a 3-sphere. 

Proof Compare the statement 2.B of chapter IV in pQ. 

Definition 5.4 Let M be a homotopy 3-sphere, tp : M — > R a climbing Morse 
function, (po, . . . ,pk) its chain of critical points, (So, . . . , 5k) a sequence of pos- 
itive numbers, which satisfy ip(jpi) + Si < tp(pi+i) — <5;+i, always. We choose 
canonical charts a, = with respect to M, tp, p i and Si, < i < k. A 

homotopy 3-disc H, which arises from M \ int Uq by a sequence of homotopy 
operations, is called a true companion of M, if 

(1) there exists a stratification of H and 

(2) if n int Ui = 0, for every i 6 {1, . . . , k}. 
Remember Definition 13.21 

Proposition 5.5 There exists a true companion of M , in the sense of Defini- 



Proof We begin with a stratification Si, . . . , S r of N = cl(M \ (U U . . . U U k j), 
according to Proposition 13.41 Next, let us choose a cell decomposition C of 
N, which respects Si,.. . ,S r . This means that, for every clement X of A 3 C, 
there exist a convex polygon P C M 2 , a homeomorphism h : P x [0, 1] — > X 
and a number i £ {1,. . . ,r}, which satisfy h(P x {0}) C L(Si,£i) and h(P x 
{1}) C U(Si,£i), where the maps li : Si — > Fi x [0, 1] have been introduced by 
Definition 
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After passing to a refinement S' 1 ,...,S' S of Si,...,S r , according to Re- 
mark (2) below Definition 13.21 and to a cell decomposition C of N, which 
respects S[, . . . , S' s , we can construct pairwise disjoint simple paths Px,...,Pk 
in A°C" U A 1 C, such that P t connects dU to dU l . 

Finally, we produce a refinement S", . . . , S" of S[ , . . . , S' a and a cell decom- 
position C" of N, with subcomplexes Qi, ■ ■ ■ ,Qk around the paths Pi, . . . , Pk, 
and with homcomorphisms gi : B 2 x [0, 1] — > \Qi\, which satisfy 

(1) im(&) n im(fifj) = for i / j 

(1) 5l (B 2 x (0, 1)) n Uj = for all j 

(3) . % (D 2 x {0}) c dU 

(4) 5l (B 2 x {1}) c dUi 

T t = Ui U im(3i) is a 3-disc in cl(M \ f/ ), and d(M \ (J7 UTi U . . . U T fe )) a true 
companion of M, as required by Proposition [53] 

Proposition 5.6 ie< M be a homotopy 3-disc, and C C dM a circle. There 
exists a splitting 2-disc D in M such that dD = C . 

Proof We can use the fact that M is simply connected, together with Dchn's 
Lemma, established by CD. Papakyriakopoulos [15], but there exists an easier 
argument: dM\C has two components, both of which arc open 2-discs. Choose 
one of them and push it inside M , while keeping its boundary fixed. The result 
satisfies the requirements of Proposition [3T6] 

Our main goal here states that, given any homotopy 3-sphere M, we find a 
true companion of M which can be imbedded into the Euclidean space M 3 . The 
following lemma serves as a first step toward this goal. 

Lemma 5.7 Let S be a connected orientable surface of genus g > I, and assume 
that T C S is homeomorphic to a compact surface in the plane R 2 . There exists 
a circle C in S\T , whose homology class in Hi(S; Z2) is not zero. 

Proof We begin with the situation where 

(1) dS = $. 

The boundary dT of T consists of pairwise disjoint circles Kx, ...,K r . Let 
us proceed by double induction, first on g, and then on r. Denote by (X) £ 
Hi(S; Z2) the homology class of the circle X C S. In the case (g, r) = (1, 1), S 
is a torus and T C S a disc, compare [6]. Consider a circle C C S with (C) 7^ 0. 
If C meets T, we easily find, by pushing it out of T, a circle C, homologuous 
to C and disjoint to T. 

For the inductive step, let us begin with the assumption that 

(2) (Ki) ^ 0, for some i G {!,..., r}. 
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Again, we can push Ki away from T, and obtain the required circle. If (2) 
does not hold, there exist 2-chains V, C 5 which satisfy dVi = Ki, always. In 
the case r = 1, the surface T is a disc, and we proceed as we did in the case 
(<?,r) = (l,l). 

Now we assume that r > 2, and begin with the situation where 

(3) V, C T, for some i € {1, . . . , r}. 

Notice that Vi is a planar surface with a single boundary component, and hence 
a disc, while T' = T \ Vi has fewer boundary circles than T. The inductive 
assumption gives us a circle C C S\ T' with (C) ^ 0, and we can again push C 
out of Vi in order to obtain the desired result. 
Finally, if 

(4) Vi£T, for every ie{l,...,r}, 

let us look at the closed orientable surface Wj, which arises from 5 by attaching 
a disc along K t [S]. Since V/ = cl(5\l^) is another 2-chain in S with <9V/ = K h 
we may assume that the genus gj of Wj is smaller than g, for at least one number 
j 6 {1, . . . , r}. If 5j = 0, then T' = T U Vj is still a bounded planar surface, 
and it has fewer than r components. Hence, by the inductive assumption, we 
obtain a circle C C S\T' C S\T with (C) ^ 0, and our Lemma follows. In the 
case 1 < gj < g — 1, the inductive assumption produces a circle C C Vj \T such 
that (C) ^ in H 1 (W j ;Z 2 ). Consequently, (C) ^ in Hi{S;Z 2 ). Our proof is 
complete, under the assumption (1). 

If dS is not empty, we construct a closed orientable surface S', which arises 
from S by attaching a 2-disc D(K) along every boundary circle K of S, and 
find a circle C" in S' \ T, whose homology class in ii 1 (S";Z 2 ) is not zero. As 
in the beginning of this proof, there arises a circle C, homologuous to C in S', 
which is still disjoint to T, but also disjoint to every disk D{K). Lemma HTT1 
follows. 

Proposition 5.8 With the terminology of Definition [5!7| and Proposition \5.5\. 

there exist a true companion H of M with a planar stratification. 

Remember Remark (1) below Definition 13.21 

Proof According to Proposition 15. 51 there exists a true companion H of M. 
We consider a stratification Si, . . . , S s of H, with homcomorphisms £i : Si — 
Fi x [0, 1], as described in Definition [321 Remember that every Fi is an orientable 
2-manifold in M 3 , and that the equalities Si (~l Si+i = U(Si,ii) n L(Si+i,£i+i), 
and Si fl Sj = in the case \i — j\ > 2, always hold. 
Now comes what we may call the core of this essay. 

(1) After some homotopy operations, H will be transformed into a homotopy 
disc H' which allows a planar stratification S[, . . . , S' t . The corresponding 
homeomorphisms, in the sense of Definition 13.21 shall be denoted by l\ : 
Si ^F!x [0,1]. 



Since L{S\,£\) is a proper subspace of the 2-sphere OH, we can certainly imbed 
F\ into the plane R 2 . Hence, if (1) does not already hold for Si, . . . , S s , we find 
a number r < s such that F r is non-planar, whereas every Fi with i < r — 1 is 
planar. 

(2) After some extensions, applied to H, we may assume that the inclusion 
U (Si,li) C L(S i+1 ,£ i+1 ) holds, for every i £ {1, . . . , r - 1}. 

In simpler words, we can say that SiL) . . .U S r looks like an inverted pyramid. If 
(2) is not correct for H itself, let us write j = min{i £ {1, . . . , r— 1} : U(Si,£i) <£_ 
L(S'i-)-i,^i-l-i)}, and begin with the case where 

(3) some component P of c\(U(Sj,£j) \ L(Sj + i,£j + i)) is a disc. 

Above each X C L(S j+1 J 3+1 ) stands the tower T(X) = iJ^ij+^X) x [0, 1]). 
If dP fl Si+i 7^ 0, we denote by Fi, . . . , F q the components of dP n Sj+i, which 
are all 1-dimensional. Now we attach a 3-cell W to H, such that W n H is the 
disc PUT(Fi)U. . -UT(Fg) C eWndi?, and extend Si, . . . , S s to a stratification 
of # U W. 

Next, look at the situation where 

(4) the assumption (3) does not hold, 

and choose a component P of cl(U(Sj,£j) \ L(Sj+i,£j+i)), together with a 2- 
disc D C P, which meets two different components, A and B, of dP, each of 
them in a line segment, and satisfies D \ (A U B) C int P. Let us also require 
that D (~l A, as well as D fl B, either belong to L(Sj+x,£j+x) or arc disjoint to 
it. We associate to each X £ {A, B} the tower T(X), as described below (3), if 
X belongs to L(Sj+i,£j+i), and the space T(X) = X D D, otherwise. Now we 
attach a 3-cell W to H, such that W C\ H = dW DdH = DU T(A) U T(B), and 
again extend Si, . . . , S s to a stratification of iJ U W. 

After a finite number of steps, as described below (3) and (4), we arrive at 
a situation where (2) is satisfied. Remember, however, that an extension might 
transform a planar surface Fi into a non-planar surface. This could decrease 
the number r, as described above (2). But, with this in mind, we still have 
confirmed (2). 

Now, Lemma [577] says, that there exists a circle C in L(S r , £ r )\U(S r -i, £r-i)i 
whose homology class in Hi(L(S r ,£ r )) is not zero. Proposition 15.61 produces a 
splitting 2-disc D in H , bounded by C. 

(5) D can be chosen in such a way that D n S; = for every i < r — 1. 

Let us begin with any splitting 2-disc D in H with = C, and write j = 
min{i £ {1, . . . , s} : D fl Si ^ 0}. Assuming that j < r — 1, we know from 
(2) that Sj fl Sj+i = U(Sj,£j). Hence we can consider the space N$ = Sj U 
£j +1 (£j+i(U(Sj,£j)) x [0,(5]), for some S £ (0, 1). There exists a diffeomorphism 
/ : Ng — > Ns, which leaves the boundary of N$ pointwise fixed and carries 
DCiN 5 onto a subset of Ng \ Sj. If we replace D by (D \ N s ) U f(D n JVj), we 
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increase the number j. After a finite iteration of this process, we obtain a disc 
D which satisfies (5). 

According to Proposition ^. 41 there exists a pair U and V ^ U of 3-manifolds 
in H, such that UUV = H and UDV = D. Uf]L(S r ,£ r ) is a 2-chain in L(S r , 4), 
whose boundary coincides with C, contrary to Lemma T5. 71 The statement (1), 
and with it Proposition ^. 81 are established. 

Proposition 5.9 Consider a homotopy 3-disc H . If there exists a planar strat- 
ification of H , then it can be imbedded into the Euclidean space R 3 . 

Proof According to Definition 13.21 and Remark (1) below it, we can decompose 
H into submanifolds Si, . . . , S r , such that there exist homeomorphisms £i : 
Si — > Fi X [0, 1], 1 < i < r, where Fi is a 2-dimensional submanifold of the 
plane R 2 , and where the equalities Si n Si+i = U{Si,£i) D L(Si+i,£i+i), and 
Si n Sj = in the case \i — j\ > 2, always hold. We construct a sequence of 
spaces Mi = Gi x [i — 1 < i < r, where Gi is a compact 2-manifold in R 2 , 
together with a sequence of homeomorphisms : Si U . . . U Si — > Mi U . . . U Mj, 
which satisfy gi(Si) = Mi, always. 

Let us proceed by induction on i, and set Mi = F x x [0,1], gi = l\. Hav- 
ing found Mi and g^, we extend gi\U(Si,£i) to a homeomorphism h between 
L(S i+ i,£ i+ i) and some space L C M 2 x {i}, containing Gi x {i}. Now we 
define the map g^i by setting gi + i(x) = gi(x) for x G Si U ... U 5; and 
g t+ i(£^ } (x,T)) = (h(e-^(x,0)),i + t) for (x,r) G x [0,1]. The home- 

omorphism g r imbeds H into the space R 3 , as promised. 

Theorem Every 3-dimensional homotopy sphere M is homeomorphic to the 
standard sphere § 3 . 

Proof According to Proposition l5.3l and Definition [O] it is good enough to find 
a true companion of M, which is homeomorphic to the disc B 3 . Propositions l5.8l 
and 15.91 produce a true companion H of M together with an imbedding / : 
H — > R 3 . According to the piecewise linear Schonflics theorem for R 3 [T], [7], 
there exists a piecewise linear homeomorphism g : R 3 — > M 3 , which carries 
the boundary of f{T) onto the boundary of the standard simplex in R 3 . The 
composition g o f verifies the claim of our Theorem. 



11 



References 

[1] R.H. Bing. The geometric topology of 3-manifolds, volume 40 of AMS 
Colloquium Publications. American Mathematical Society, 1983. 

[2] F. Brickell and R.S. Clark. Differential manifolds. Van Nostrand Reinhold, 
London, 1970. 

[3] Th. Brocker and K. Janich. Einfiihrung in die Differentialgeometrie. Hei- 
delberger Taschenbiicher Bd. 143. Springer, 1973. 

[4] M. Brown. A proof of the generalized Schonflies theorem. Bulletin of the 
American Mathematical Society, 66:74-76, 1960. 

[5] G. Danaraj and V. Klee. Which spheres are shellable? Algorithmic Aspects 
of Combinatorics, Annals of Discrete Mathematics, 2:33-52, 1978. 

[6] P.J. Giblin. Graphis, Surfaces and Homology. Chapman and Hall, London, 
1977. 

[7] W. Graub. Die semilinearen Abbildungen. Springer, 1950. 

[8] B. Grunbaum. Convex polytopes. Interscience, London, 1967. 

[9] A. A. Kosinski. Differential Manifolds. Academic Press, New York, 1993. 

[10] K. Kuperbcrg. Pach's animal problem. In The Elbe Sandstones Geometry 
Workshop, Rynartice, Czech Republic, July 2001. 

[11] J. Milnor. Morse Theory, volume 51 of Annals of Mathemathics Studies. 
Princeton University Press, 1963. 

[12] J. Milnor. Towards the Poincare Conjecture and the Classification of 3- 
Manifolds. Notices of the AMS, 50(10):1226-1233, 2003. 

[13] J.R. Munkres. Elementary differential geometry, volume 54 of Annals of 
Mathemathics Studies. Princeton University Press, 1963. 

[14] J.R. Munkres. Topology (Second Edition). Prentice Hall, 1999. 

[15] CD. Papakyriakopoulos. On Dehn's Lemma and the asphcricity of knots. 
Annals of Mathematics, 66:1-26, 1957. 

[16] G. Perelman. The entropy formula for the Ricci flow and its geometric 
applications. November 2002. arxiv.org:math/0211159vl [math.DG]. 

[17] G. Perelman. Finite extinction time for the solutions to the Ricci flow on 
certain thrcc-manifolds. July 2003. arxiv.org:math/0307245vl [math.DG]. 

[18] G. Perelman. Ricci flow with surgery on three-manifolds. March 2003. 
arxiv.org:math/0303109vl [math.DG]. 



12 



[19] CP. Rourke and B.J. Sanderson. Introduction to piecewise linear topology. 
Springer, 1972. 

[20] H. Seifert and W. Threlfall. Lehrbuch der Topologie. Teubner, 1934. 

[21] S. Smale. The story of the higher dimensional Poincare conjecture. The 
Mathematical Intelligencer, 12(2):44-51, 1990. 

[22] E.H. Spanier. Algebraic Topology. McGraw-Hill, 1966. 

[23] G. Zieglcr. Lectures on Polytopes, volume 152 of Graduate Texts in Math- 
ematics. Springer, 1995. 



13 



